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2.1 Tangent and Velocity Problems

Learning Objectives: After completing this section, we should be able to

• approximate the slope of the tangent line to a curve at a point.

• approximate the instantaneous velocity of a moving object at a particular moment.

Driving question to start: If we know the exact position of on object, how can we find its velocity?

2.1.1 Limits

Example. Suppose we throw a baseball into the air. The function p(t) = 64t� 16t2 gives the ball’s height
in feet at any time t seconds after throwing it. What is the velocity at t = 1 seconds?
Let’s start with a graph:

t

p(t)

1 2 3 4

Can we first approximate the velocity? Let’s find the average velocity over some time intervals.

.
t

p(t)

1 2 3 4

t

p(t)

1 2 3 4

who does the ball histhe ground?

p(t)
=0 =64t - 16+2

=(6 + (4 -t)

AtE034s. the ball is on the ground.

1. when does the ball reach its maxheight?
t = 2 seconds byinspection,

Maxheight?

p(2) =64.2
- 16.2

=64fx

secant line
AfAucragavelocioatwari...soit Slope M = 16⑤

Ap "change in position
Vary

=

A t "change intlina--↑1
average

=pros - 400s ef =84 - 1645- soI popvelocity

2 - 1 (Sec) 2 - 1

=16 t =stops of secantline through

1.prit and (2.pr2i)

Can we geta batter estimate for the velocity searticle
atEls? => Asuse a

smaller interval

average velocitylectura tls and t
=1.5s:

Vans =p =

p(1.5) - p()) ft

Af pop15 - 1 -

=-48 I5 =24 -

Asmaller time window produces an average velocisthatis

closer to the exactinstancuous velocityat1s.
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So we have done several approximations. What is the end goal?

t

p(t)

1 2 3 4

Definition. Instantaneous Velocity is the slope of

As the second time t is closer to t = 1 in our approximations, the average velocity

This is a limit! The limit as t approaches 1 of the

Average velocitybetween t=1s and the seconds:

Vars =7k =

p(1.00)) - p()f7 31.984E
1.00) - 5x

↑
warrequal sign is "approximateequal.

fangentline;i.e.,
onlyintersects the graph
ofpots atone point
att seconds

.
the tangentline atone

pointof a position fact
-function -

from t=lsa to a seconds -5 closer to the

instantaneous velocityatt=lses.

average velocitygives the instantaneous velocityattil second

shorter rotation:

fin. Varg =Vinstantaneous

= ***Ars
↑the limitas I approaches 1"" of the average

velocity(sivabpitzpi)"(ys- "the instantous velocity

att=1...

For our example, we estimate Vise.( =32%
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2.2 The Limit of a Function

Learning Objectives: After completing this section, we should be able to

• define the limit of a function and make educated guesses at limits.

• define the one-sided limit of a function and make educated guesses at limits.

2.2.1 Limit Definition

Definition. lim
x!a

f(x) = L means

Let’s look at several examples:

x

f(x)

x

f(x)

x

f(x)

x

f(x)

x

f(x)

x

f(x)

~limitas aapproaches of
fire is L.

fext is arbitrarilyclose to out putof
a

for all sufficialclose to a linputof

↑he limitis a -value 1 is a number representing a p-value

(f(x) ·

52 - 4/ ↑f(x)

3) 3 - I

3-

↑ ↑

xf(x) =3
=

=f(2) =3 (in f(x) =3= f(2) =4
x-12

fex)

/3-

·ican "N4
-

king fix) sn fear is undefined

6 - 8

⑲

I

·
fext -

a
↑

Xi fera frat is undefinedxiy f(x)(NE)f(u) =6
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Note, for lim
x!a

f(x) = L, f(x) must be arbitrarily close to L for

Definition. (One sided limit) If f(x) is arbitrary close to L for all

Definition. (Right-hand limit)

Definition. (Left-hand limit)

Example.

x

f(x)

Example. Let

f(x) =

(
2x+ 1, x > 1,

2x, x < 1.

&l < sufficientisclose to a

on both sides ofair... to the leftand to the right

xsufficientlyclose to
a

on (only one side ofa

(lylookatX-aiie to the rightof al

Xinpf(x) =L
~the limitas approaches a from the rightof fixt is L.

xjya- f(x) =2 onlylook atxxavie to the leftofal
⑦

"The limitas aapproaches a from the leftof fort is 2.-

↑ ofra) is undefine toourears
·(n x) =5
x -a

-

7f(x) was Xapproaches a from the left

5- O the function output approaches π

2 - O · hn f(x) =2
X-af

was
aapproaches a from the right.

the factoutputapproaches 20
↑
a · (n fext oneleft right limits orre

x-a

⑦
s

1

1
2x+1x im f(x) =(in 2x =2.) =2

·x-y)
-

x-1)
-

⑱onlyconsiders x = 1)

3 - * ·(in f(x) =

f +(2x
+1) =2.1+1 =3

x-/f

s onlyconsiders x x1)
2-

~(n f(x) (nt- as(22- f(x) =23(n+f(x)=3
L ↑ I

and 2=3
↑

of (i) is undefined (no outputfor input
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2.2.2 Indeterminate Forms

Question. What could happen for a function f(x) to NOT have a limit?

Example.

x

f(x)

x

g(x)

x

h(x)

Question. How can we recognize these examples from the functions f(x), g(x), and h(x)?

In general, if f(x) has bad behavior at x = a, then lim
x!a

f(x) may not exist.

•

•

•

•

•

⑳ ↑ ·

shre
·

↓ :.! d
Xinf(x) 2NE in h(x) DNE

x -a

· piecerise fact but 1yyg(X) 1N=

the pinces do not
· hixis undefined

01

match p-coordinates
· Vertical asymptotc Our side of a

atX=

a
atthe input a

In other wordswhatis the forenla doing?

· fix is piecewise,
· checkif wa

· chach for legative

inputs intoeven powered
so we checkthe tryto divide byo

rootsiesavoid π
end of each piece

pr 43
to see if thematch

· logarith a s
lastexample on previous

· piecewisewith
10 piece

page) defined

divide by 0 at x =a

regain endorsinever powered or as

legative numbers inside logarthing

·think(n)
-3))

picces do not match atx=a

other strange things (wontic dealt
with in Maitros

Googic topologistssinecurve
t
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2.2.3 Infinite Limits and Vertical Asymptotes

What does it mean for lim
x!a

f(x) = 1?

Example. lim
x!2

1

(x� 2)2
=

x

f(x)

If lim
x!a

f(x) = ±1 or

Example. Find all vertical asymptotes of f(x) =
8x+ 16

x2 � 4
.

↑withoutbound

larbitrarilylarges
as x gets sufficientlyclose

"fex) grows
larger than anynumber)

+o a.
//

|f(x) =0 ncas Xf) aNE

a

· When x=2we try to divide byorie

#is notdefined atx
=2

· there is no way
to eliminate the bad

>charior.1 · is grows larger than andnumber as

& I X approaches the
input 2.

1
1

Xi- f(x=a or

in fix=to. then la is a
vertical asymptote of fixt.

x -ja+

we onlyneed to approach an infinitefrom one side to have a vertical

assmptotef

⑦

We have bad behavior of12- 4 =0 =( 1
- 4 =(-y(x+2) =0

=> x =- 2 and X = 2 are candidates for vertical assmplates

Firstconsider x =2:

fineator food behavior:
(2)2 - 4

When evavating of ata
=2w gotthe

form of ~zo#
↑his is always implies Xa=2 is a vertical asymptote.

Letsconsider values of Xclose to 2.

X 2. ↑ 2.35! 2.8003!

f(x) =1,f(2.1) =8.2.1+16↑
2.2 - 4

=80 ficea =8000 fe2.00001)
=800,000
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Example continued.

Ifx+2
+

(xapproaches from the mightthefix

is growing withoutbound-thus in t f(x) =ta

=> Therefore 12 is a vertical asymptote

=> Law's consider x -z
-

x!.9 1999 1.99999
f(x) fllq =-80 fel.990) = -8000 (1199999) =-800,000

=(1 -

f(x) = -

a. as

fix) is
decreasing withoutbond

as Xapproaches a from the

(cff.

(hxk x = - 2

8xx/6 81- 2) +(b o

1in --25 - 4
- ->

x-1 -2 x
2
- 4

If we get
the indeterminate form or than the init

can do anything, so wa used to more work!

NofL xz21 =12

Note =8F ifX=

-2

. =
- +1 = 1 = 3

= &2 if X7 -2

foroun -(28E
=x as fhc limitdoes not

carc wha happens specifical
atx= - zonlyinputs

close

+o - 2

So fincl

xi-
-x f=xzz ==E =

- 2
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Example continued.

thereform fez fox exists and is -2. There is no vertical

asymptotax=
- 2

1 :..=-
12. - 28#

↓ Wi20 in Tha V

graph
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2.3 Calculating Limits

Learning Objectives: After completing this section, we should be able to

• calculate limits using various Limit Laws and properties.

2.3.1 Limit Laws

Suppose that c is any constant and the limits lim
x!a

f(x) and lim
x!a

g(x) exist; i.e., they are equal to a real

number. Then

1. Constant multiples:

2. Sums:

3. Products:

4. Quotients:

5. Powers:

6. Roots:

Example. Suppose lim
x!a

f(x) = 2 and lim
x!a

g(x) = �1. Compute

lim
x!a

✓
5
f(x)

g(x)
� (g (x))4 + g(x)

p
f(x)

◆
.

***

·

f. (c. f(x) =c(fnf(x)

1m.(f(x) +g(y)) =((2f(x)) +(frcg(x)
X.(f(x) - g(x) =xia(f(x) +(()g(y))

=(evaf(x)) +(erv(-1g(x)
=(fva f(x)) +(- ()(Xi2g(x))

=(Era f(x)) - (2ag(x))

xy(f(x) -g()) =(x f(x))(biz g()

Xii(=5) =fa
f (x))

xg(y)
-

so long as fingey0

12(x()=(xif(x))

5, πfx
For all of thosehis fort and digres need to exist

-

↓(3)frai-if-nagiftror
(2)

↓
(6)

↓ (*

= 5(afi - (as) isanin
Sinc Xi f(x) =2and(i9(x) = -

=5(2) - (.)"+(XX
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2.3.2 Computing Limits

Given f(x), how do we compute limits?

• If there is no bad behavior, just plug in x = a.

Example.

• If there is bad behavior, attempt to tame it.

Example.

Example. lim
x!0

1
5+x � 1

5

x

-my(2x+x +4)
=2(3)2 (3)y

losap to stop
=2.977 =187 7

=
25

=>for a number. So we're done

indeterminate
in 12 - 4

+4 -8
x - 2

x -2

Tryto simplify: =xi (t) =xm (x +2)
=2 +2 =

4W

=((xy =4
↑ !

--
5

+5E1Exindeterminate

=((xf)(5xx) =in ↑- Did notquite clear inpr

5+x x=0 X(5+x) We'll trysomething as

=> Find a common denominator in thehumerator

=((yzy1(5)
- 5(EX)

=fy 0=c
common
*N0xz=

E =yso
51(5+x) 55557* we drovechase

the

=10m 515xx) =1
-

p(0k
X

-1z=0fEE *Naxy=1
so we didn'tchange

-Ba EE---
the problem

=yyz=1= - 2
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Example. lim
x!0

p
x2 + 100� 10

x2

You try!

Example. lim
x!3

1
7 + 1

x�10

x� 3

rato! - 10 -110-10 +0

->

Multiplybythe conjugati: Indeterminate

-B -AI conjugate+10
#j. - 10 =

In generalconjugate
for

fad 1. -axbf) a
- b

ora - Bf) a +π

=Siri.ForTofino
todothis

x-(0r+10)
in (foot"toto - 10s

=df=

x-10
x- (π,00 +10)

↑-does
:determinate

-> 5+ 3 if
zj

x - 10 7

155-0+(F) =x 25- 10.
7
7(X- 108

183
x- 3

in x- 10
+7

=
x +3 7)x- (0)

x - 3

↑in x
3

=
x-1 3EO

=(mc(-) =afootstrX-3

Checkdid
you write lin

everytimex-13

until you substituted?
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Summary:

1. If no bad behavior at x = a,

2. If bad behavior,

(a)

(b)

(c)

3. If piecewise,

(a) If

(b) If

4. If bad behavior cannot be eliminated,

How to compute fi fix

jus ping in X =a +the)
↑he (inf(x) =f(a) & star +

i.e. frat is nota number and is sonetting

1.(1C : phcn tryto
fame it bysimplifying.

If fex =polonial factor and cancel.
polonialthou

fraction Ifraction

If fixi
pomonial -

then combine fractions

with a common denominatorand thc1 care).

offorwithsouthing then multiplytothe end

conjugate in the numerator and denominator than

simplify and cancel. (The conjugate scraps
- f- wif

1

-

1

or

vice versa

and f(x) changes pieces at x =a- ther

consider each piece separate

thc piecus match atyear than thatis unit

the pieces do notmatch atx=aite.. theyare

differentnumbersthan the Unitdoes NotExist(DNS

↑ · byusing this procedure tie evaluating

1onzero number

your simplified factfields
70r0 -

than the

limitONE



MTH 150 Section 2.5: Continuity and the Intermediate Value Theorem Page 13 of 35

2.5 Continuity and the Intermediate Value Theorem

Learning Objectives: After completing this section, we should be able to

• define continuity and discontinuity.

• state and apply the Intermediate Value Theorem.

Definition. A function f is continuous at x = a if

This means 3 things:

1. lim
x!a

f(x)

2. f(a)

3.

Example. Consider f(x) = x+1
x2�4 .

Example. Consider f(x) =
p
x.

Xia f(x) =f(a).

existsie..fi - f(x) =faxfrx) - and itis a number

is defined i.e.f has a
humorical outputfor the input a

the limitis equal to the functionsoutputatarier or and se

give the same number.

If anyone ofthese fail that the facte fext is

discontinuous at1=a.

⑦

Note, there is bad behavior of12- 4 =0 =( x2- 4 =(-2)(x+2) =0uhax=2ic

So, if x =- 2 or x =2 than feet has no outputas we tryto

divide by0. So far is discontinuous atX=-25x = 2as
itviolates

criteria (2) from above.

All other inputs ex-valves are well-behavedso sin =y =
frat

-
if

af -2 or 2.

&hoso is continuous for all a excluding x=-z or X= 2

=> f is continuous on fa.-2)U(-2.2)u(2a)

IfX50 than there is bad behavior as we have negatives inside

an even powered roof. => fixl=Mis undefinitehas

no outputof 100. So f is discontinuous for x50bX

criteria (2)

IfX50-than there are no problemsas
in f(x) =xyv =va =fru). if a/0.
x-a

thereforeof is continuous for 100.

ConsiderX=0. What is X f(x) =1er?Consider Sno-Mer we are and consider

x extremelyclose to or butto the leftof diveregaine xs. => Xy-vx SNE-

as of redefinefor400forof is decoctinos

However. X+Vx =0
=0-so ftfoe =fra. This implies of is continuous from the

right at x =0.
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Types of discontinuities:

• Jump

x

• Removable

x

• Infinite

x

Note, a fact fi continuous from the left at1if
in f(x) =f(a),
x-1a

-

fina - f(x) Xfi -fx
o fie

50 Xif(x) ΔNE- sof is

discontinuous atX
=

a.

~
↑

ahole in the graph"
ofin for does exist

(a) f(at)
&

· fru) exists

⑤x
* ·(nf(x) fra)

sof is discontinuous atX=a.

:: · Notc Xina - f(x) =fa

↑ and
lin f(x) =+a
X-af

↑~ &

↑& 50 in f(x) =fa
↑ x-a

Recall. A is nota nebor
-
so

↑ fixt fechnically, xf(x) pNE
& ⑨>

↑ => discontinuous
a ·Also

-
f(a) is undefinedso definitely

discontinuous

=> f is discontinuous atx=a.
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Example. Let f(x) =

(
x2 � c, if x < 5,

4x+ 2c, if x � 5.
Find c such that f is continuous.

Question. True or False: Pick any number L between f(a) and f(b). Then, there is an x-value c between
a and b such that f(c) = L.

x x

⑦
⑦

Note X-C and 4x52c both have no bad behaviou

so the oeis potential problem is when pieces switch atT

Bydefnidefinitionsof is its continuous"atx=5if

fiyf(x) =f15..

50 nab1c x75 f(x) exists we need left rightlimits to agree:

1n f(x) = in 12- c =52- c =25- c <

x+55 x+5
- ->

considers X/5 x555485

im 4x +22 =4.5722 =20 +22

1.5+f(x) =

x -57
considers 1-5

Note fitfort exists ofsiz-f(x) =1225 +
f(x) Asa

=>25 - 1 =20
+2c

-20+c
-20+( 5

=>5 =
x =c=

3

f(x) =25
- 5) =20 +2.5) =1225+f(x)

=123f(x)
=4.5+2)5)

Soifc=3) then 1 -

=> f is continuous everywhere ifc = =>

f(b) -
f(bb) - ·
L - ↑does not 56

·s
through This .

f(a) - f() -

↑ ↑ ↑ ↑ ↑ &
a 2 b a a 4

Fab trueif f i

continuous
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Theorem (Intermediate Value Theorem). Assume f is continuous on [a, b], and

Sketch:

x

Why do we care about IVT?

Application of IVT: Root finding problems

Example. Kepler’s equation for orbits (planets, satellites, etc...) is given by y = x� a sin(x) where

Lis an
number between frat and feet. There these exists a

c in larb) such thatf(c) =L.

frat)
f(a) -

↑a Challenged with the p-valua

... ----
I between frat ?f(b). We found
an input a such that

f(c) =1. The Intermediate Value

&leaven fers) guarantees

f(b) - ! · (k.f(b)) such acexst bctwc1

abb.
↑ ! ↑

u ↓

Translation: A continuous fate fix hits all intermediate

values output on the interval from lab).

On its own
the eve is 10

particulariauseful though are some applications

4) the but helps prove the Mean Value theorems

is extremel -scful.

4) from thenthe Mean Value theorem helps prove the

Fundamental theorem of Calculus his rencyuseful
-

a is a constantappropriate for The problem.

suppose we measure 1 =1.4 and a =0.1.

y =x
- a.sin(x)

14 =x - 0.1.sin(X).

Can we find X so thatthis equation is true?

This is impossible to solve using algebrafrig

=> wall convertthis
to a room finding problem.

14 =x- 0..six) =0 =
x - 0..siu(X) - 1.4
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Example continued.

(alp fix) =x- olsinses
- lit. Then if we find

x such thatfixt =o. than we
have solved the

equation.

We'lluse the artto show a roof solution exists between

ab
0 and

Notefex=x-olsinix-1.4
is continuous on

the interval at

Also
-
f(a) =f(0) =0 - 0.1.si(0) - 44 =

- 1.4

and f (z) =f(x) =
5- 0.1.sin(H) - r4=(

Since 1 =0 is between f(0) = - 1.4 and f(x) i17

the Ivyguarantics
there is ac Actwee 0Bπ

such thatfic) =0.

.............

the butonlysays a solution existsbut does not

give an algorithm to find it.

=> (approximateanswer x21.49975... 107 our course

to find iti.e. f(0.49935) 10)
Itdoesprovide a solutioninonlyfells us one

2xis+5
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2.6 Limits at Infinity and Horizontal Asymptotes

Learning Objectives: After completing this section, we should be able to

• define the limits of a function at infinity and determine horizontal asymptotes of functions, if there are
any.

• understand the infinite limits of a function at infinity.

Example. We’ve encountered the function f(x) = 8x+16
x2�4 before.

x

f(x)

It looks maybe a horizontal asymptote too. Perhaps y = 0?

Definition. x = a is a vertical asymptote if

Definition. y = L is a horizontal asymptote if

Example.

lim
x!1

8x+ 16

x2 � 4

What is 1
1?

*
- 2 ⑥

↑

⑧

:-
likeItmayhave

Xin=f(x)=a ↑from before

x(.2a f(x) =L

The memorator 8xtibas X-10

= f28x
The denominator X-4fo as x-xa

Itis an indeterminate value. When both the enerator

and denominator each approach infinitythan the overal
limitcould be anothing a numberan infinity DNE...
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Can we do some algebra to clean up lim
x!1

8x+ 16

x2 � 4
and get an actual value instead of an indeterminate form?

in sfE =ka IfF=Ea - --X +a
↑

Louso -in
↑Zoom in" on each form

in constantnumerator

x-a X denominator
grows withoutbound

X ↑ ⑧ 32

↑ 100.000 bo:g

&=08 =1 5 = 40.00008 closc t00

sox2 z =0

similar(y xa =0 arx =0

fizz ---
- - -E

=0 =8 == = 0

3the defo of horizontal asymptote
50 is a horizontal asymptote of its
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Question. Is it possible to have 2 horizontal asymptotes?

x

f(x)

x

g(x)

x

h(x)

Example. lim
x!1

xp
x2 + 1

........ - i =4⑧ fl7= y=L~.......
- 7X=
1

↑ -...... - - - y=4
W

X(inf(x)
=h Xin 9/5) =2 in h(x)

=2.
x -a

in f(x) =L in rx =h in hax) =22
x-y - a x-y - w X --w

strategy:divide been the highestpower of Xin the dominator:

Is v=x?

#xx=

1 x =

- 4 X
x=y=0=1 =x w=5 =4 =xWiN =0=0=484

=> v=x for all x

X
/
ifx=0-

=>*=- ( - 4) =4v
=) v =E- x

-
if x/ 0.

N0xv2
=

x If10. Our limit

55 as Xfaii -110

in ↑fiesfoort
Since next =we have or is a horizontal asseptota

Consider lin

x+av SEX =f Not(x = - x- if 450.000

limitis as 17 -wiiX-0
in -
x--a

=1a
+=BoF =E=

sinxXax=- 1- we have x=
- 1 is a

horizontal asymptote
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Question. Is it possible to have more than 2 horizontal asymptotes?

Question. How many vertical asymptotes can we have?

Consider lim
x!1

axn

bxm
.

• If n > m, the limit is

• If n < m, the limit is

• If n = m, the limit is

Example. lim
x!1

5x5 � 6x2 + 101000

3x5 + 10x3 � 1

Example. lim
x!1

10100x5

0.001x5.01

to find AAhorizontal asmmptote)we consider onlytwo limits

10-gf(x) and(*a f(x)

No, there cannotbe more than 2(A

Anyfiniteamoun
↑

x(x- f(x-2)( -3...(x - N)

↑*---
x

each cause NATF.x
=0x= 1 X=2... X=N

are atVA

o or-a depends on art-n-m)

o also worries for fora

a also works for finda
=E as the powers

of xin the

nuncrator and the denominator are the sandso

the resulting limitis the ratio oftheir coefficients.

100

a
horizontal asymptote for 5x5

-61"-10

Nut y=5 ↑5 3x5+(0x3 - 1

=Or as the highestpower of
↑1

the denominator (5.31 -5 Breate r than the

highest power
of in the Amarator (59

160 5

10X
Note 10 is a horizontal

asymptote for
0.00(45.6)
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Question. Note that lim
x!1

5x+ 1 = 1. Are there any horizontal or vertical asymptotes?

Other functions to know:

x

ex

x

ln(x)

(i1
- a

Or

fz5x+ 1
=

in 5xf =
aN as the highestpower of

Xin the

x +a

It is greater than highestpower ofXin

1u(rcfor

the denominator for. 11=5xx)

No. as a hitwould requre ( 5xx)
=1 or

in 5xt =2for some finis (which
x-fja letthe casc.

is 10 UAas thereas no input
Also, thou
a such that Xyy=5x+ 1 ==0.

2

-1. :~
W

x=0

&Xhas a horizontal asseptote
ofy =0, as((1,2

=
=0

Nex) has a vertical assmptote

ofX
=

0as
(inh(x) = - 8

x-of
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2.7 Derivatives and Rates of Change

Learning Objectives: After completing this section, we should be able to

• define the slope of the tangent line to a curve at a point as the limit of the slopes of secant lines of the
curve.

• define the instantaneous velocity of a moving object as the limit of its average velocity.

• establish the definition of the derivative and interpret it as the slope of the tangent line to a curve.

• interpret the derivative as the instantaneous rate of change.

Recall from earlier: If we know position s(t), how do we get the instantaneous velocity at time t?

t

s(t)

Definition. The instantaneous rate of change of f(x) at

Example. Find the equation of the tangent line to f(x) = x2 + 2x+ 1 at x = 1.

x

f(x)

10-
Vary=slops of scantline

=srt
-
St
S

instantaneous

Ast -tr/varg -> Ystverste

↑ ↑ so the instantaneous velocity at

t t tr ↑5

S(t) - s(t))

v(t)) =1+ t - t|

X
=a is given by

in f(x) - f(a)
xfa X - a.

· ↑ his is the stops of the tangentline to fixatX=a.

· Iff is a position faster than we call instantaneous rate ofchange the

instantaneous velocity.

1

↑ 1

f(l) - ·

find the equation for this line

↑
2

· To write the equation of anylinewe need two things

4) slope

2) point
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Example continued:

Let’s consider another approach:

x

f(x)

f(x) =x- f(x +1

slopc
=xyf(x)

- -(1)
=1y(12 +2x+1)

- (2+2.)+1)
x - 1

X - 1

=fn x
+
2x +1 - (y)

=lin x
+
25-3-2727

-

35
X - 1 x-( x - 1

=xin (

+3)(1)
=lin x +3

=1 +3 =4.* x-5(

so slope =m
=4.

the pointatxx on the graph of fre=x"+ext) is (l
f(i)

=> f(x) =(+2.1+) =4/ 50 the pointis (4)

Recallthe point-slope form of a
line through seal with

slope he is given by 1- y( =m(x - x.).

Her. n =4 a-1 xx.vx) =(/4). So our tangentis

given by (1 - y+) =4(x
- 1)
↑
x-coordinate

↑coordinate slope

Itis oralto learn itlike this for me,
butsome WarsAssis

questions wantthe form (...=( (
=4(X- 1) +4

-

As A-stir the distance between

X and *goes
to orie.

=~ ·x -

x.0
LetX- x

=4/sX =xth

↑ ↑ We consider X- X
X 1x.

=(xiyf(x)
- f(x)

=wyf(x.
th) - f(x)

x - x/ h
-
as X -X- 1

- x.+ 0

=h - 10

son stops oftensontline inf(x+t
- fix)

to f at &
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Example. Let’s find the slope of f(x) = x2 + 2x+ 1 at x = 1 again with this alternative limit.

You try!

Example. Find the equation of the tangent line f(x) = (x� 1)2 at x = 2.

slopc
=jen. f (ith)

- j)
=(yf(1+

h5+25th) +1y - 71 +2. 1 +1]

h

=(iyf(42
+22+1) +2.1 + 2h +1 - 145

/

172) =(1th)((th)
as

=47227)
L

an(2((th) =2- 1 +2 -4

=hyh
+2h +1 + 2 +2 +1 - 4

=n
h+
4h
4

h

=i 4h =in
k(h +4)

=(inh +4
h 4-8

=0+ 4 =4

Matches from before!

slope =kn fex- or slope =fnf(zthy
- 12

in fruth) - f(z)=ln F(2 +1) - 73 = 7(2 - 132
slopc =h +0

h h=0 h

in =(th)
- 1152

=

(n=14+ 24+1y - 1

=

h =0 h h=Δ h

=(nh" +2b
=hz

5Th + 2)
=12(252)

h +0 h h

=0 +2 =2

contzfe-zoneinn =
2

(1- y) =

m(x - x.|

=> (-)
=
2(X - 2) (fine for exams

use for Web Assign
=y =
2(x - 2) +(
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Definition. The slope of the tangent line at a point x is

Definition. The derivative of f(x) is the function

What is the derivative? How do we interpret what it means?

in f(xth)
-

f(x)h =0

Note Xis a generic variableand if we compute this

limitthan we geta new function thatdepends on X.

Defo: the derivative of frx is the function

in f(x +1) - f(x)
f((x) =h=0 h
/

-f prims ofx-

pronace tha limitexists. If the limitexistsfor an

than we sayof 5 differentiable at X.

Alternative rotation:

-
WE, f(x) - f(x)

u
=wy fz=f

im 1 f(x) "chase inf

=Ax -100 X "change in x

--

=oF *derivative off with respectto

↑of divided bedx
=

= of dx"Sunderstood thatthere is division

How do we interpretthe
derivative?

&=f(x) =(w .
f(x +h) - *

↓
slope of secantline through

(x, fex) and exthfixthe)

unit off*
"

units:The wait offixt "5
unitof x

X(x) =xIf fixt outputs miles when imported hours
n((es
-

then first has a unitof hour
-mph

then g
~ux) has a

ni/s
*inmph

with inputofhours

houe
-11unitof ~Lor/

& acceleration
#Suppose hex ↑S 61Pin dollars with input of yearsthou

hix has wait of dollars
-

year
=>Raze of change ofGDP
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Summary:

• The derivative at a point x = a is

• The derivative at any point x is

• What does f 0(x) mean?

– Instantaneous

– Slope

– Slope

slops oftangent(n =

f(a) =faff1
+ 1)

=men
frath-fa

h

ax=a

slapcuffmga
(in

=f((x) =1(2. f(xt
b- z.x)

a

rate of change off with respectto

of the targetline to the curve
of at

extract
of f atX

- If f is a displacementor position functionthan
f(rx) ↑5 vcf0i+

unitoff
- In generalunitof fire =outof



MTH 150 Section 2.8: Derivative as a Function Page 28 of 35

2.8 Derivative as a Function

Learning Objectives: After completing this section, we should be able to

• define and find the derivative f 0 as a new function derived from a function f .

• denote a derivative using Leibniz notation and prove the fact that the if a function is di↵erentiable
then it is continuous.

• analyze the cases in which a function fails to be di↵erentiable.

• analyze whether the derivative of a function is di↵erentiable.

Definition. Recall that the derivative of f(x) is given by

Visually:

x

f(x)

A common problem is finding the equation of a tangent line to a function. We need

•

•

Example. Recall from last time, we found the equation of the tangent line to f(x) = x2 + 2x+ 1 at x = 1.

h

Notethe reaffiroforeafora
slops of

fanget=f-sX

(f(x) · As 150. the andpoints on
the secant line segnant

· seact line
↑crash"atX

·

the limitof the slope
of the scantlines is

the derivative.
xy- x +L
-

h

point x- f(x)

slopa derivation
previous section

-

point:(f(()) =(((2+2,(
+1) =(1-4)

stop:4*f(x)=1yf(x+

=> 4(x- 1)

fangent line equation

thc targetline equation is not the same as the

derivative fincan
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Example. What is the derivative of f(x) = x2 + 2x+ 1?

Example. Find the equation of the tangent line to f(x) = x2 + 2x+ 1 whose slope is 6.

fix) =yinf(xth)
- f(x)

h

=(n. f(x
+h2 +20+2+ 1) - 1x2+2 +1

h

=(yf(x2
+24x +4Y) +2x +21=7 -12- 24X=(224

x11" +24
h

=wy4(2x
+2 +2)

=12y0(x +h +1)·

=

2x70 +2 =2x +2

So. f(x) =2x +2.

Bythe wayf(x) =2.) +2 = 4matching from before.

For a liner wa ncd
⑨

↑) slop c
and 2) point

fore, we know the sloper and we need to find the point.

Where ↑s tha slops 6?
10pc /115

-

f((x- = 6

=> 2x +2 =6) previous example found f(-x=2x +2)

=2x =4

=1x =2

point:(2f()) =(2-2
"
+2.2 +1)

=
(2-9)

Slopc: 6

↑hc equation of the fansere line to of with stops b

is given kx

1- y =m(x
- x5

=X - 9 =6(x - 2)
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You try!

Example. Find the derivative of f(x) = 1
3x�1 .

You try!

Example. Find the equation of the tangent line to f(x) = 1
3x�1 at x = 1.

f(x) =jiy.
f(x+h) - f(x)

=1=,f351 15(1)
- 125(25F

=

1 )
h

(3x - 1) - B(x+2) - 7 3x - 1 - 13x +3h -7
=wyb(x+h)

- 1)(3x - 1) = jy(0xth) - 1)(3x - 1h
h

- 34

-nss) =nox-geh h

=18(3)y-) - 1)(3x - 1)
- 3 - 3

=

(3(x +0) - 1)(3x - 1)
=(x - y(3x - 1)

- 3
=

(3x - y2

so f(x) =53- yu

slope:n=

f(1) =512y=-E =
- E

point:(1 -
f(b)) =(1-3) =((f) =(1,71

&angent(inc 1 - y =
m(X- x.)

=( - z
=

-5(x- 15
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2.8.1 Di↵erentiablity

Recall

Definition. The derivative of the function f(x) is given by

When will we get lim
h!0

f(x+ h)� f(x)

h
does not exist?

1. Corners

x

2. Cusps

x

3. Vertical Tangents

x

4. Discontinuities

x

f(x)
=jn. fethp

-f(x). iftheexists when does it notexist?

f =f- (x) =wizf(xth)
- fx

when this itexists.
/

Aside: fires is the derivative evaluated at 3. This is equivalentto writing

df ↑ "The derivative off with respectto aevaluated
1

a) a +x
=3

x=3

is
sharpcorner at

in flath)- feat
*Engtah-faron⑲ x =a

0 Yopc h +j
-

h

- 0

f(x) so hn-fa &NFic
-

f is 10

differentiate atX=a.

↑
a

cuspa
+X=a

-- slopc --a in t-fit areas leftand right

of inits are
different.

f(x)

d

vertical

rex
for demo on

↑

*

① f is notdifferentiable atX
=a

I &

5

↑
a
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Theorem. If f is di↵erentiable at x = a, then

Proof. Assume f(x) is di↵erentiable at a.

f is continuous atX= a.

↑L=S M2a15/ by definition

in f(xah) - fra
exists and it is fral.

h -0 h

To show is continuous at as we need (in f(x) =f(a).

Natf
-

(a) =h0 f(ath) - f(a) -
inf(x) - frat

x - a
4 · &

↑ slope of f

slops of a a

f ata

Consider

Thou in ffre-forerror
moreisan

end

x-a

=f2(f(x)y=f()(x)
-

Noth ↑his limitexists and 5 fras byour
initial assumptionate.

/

itis a number.

Also
- fyq(X- a) =a - a =0 0 is a unbor

since
him fix-frad

exists and snieval existswe
have bya limitpropert

X+aX-a

↑Lof king fee-frul) exea) =( fe)(i,t
=(fira)).(0) =

0

so.fiyf(x) - f() =0
=>0

=1.1f(x) - f(a)) =fa f(x) - 120 f()

=X f(x) - f(u) =0

=XFN, f(x) =fra).

so f is continuousatX=a
.

vQE5-
1

=>Latin als braviation

for ithas been
shown:

-
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We proved di↵erentiable implies continuity.

Question. True or False: If f is continuous, then f is di↵erentiable.

the contrapositive of anyfire statement is truc

=> If fext is notcontinuous attear then itis

notdifferentiabic atX=a.

#x 1 >fex Not frx is lof continuous at

4 - * x =a. as x(yf(x) =3 =4 =
f(a).

3= ⑧

↑ ⑪ Thisfixt is notdifferaiabic atx=

a.

a

L

Not firx'=grfith-for exists everywhere exceptat1
=.

Sowe say
is differentiabion Maalular al

or X =a

this is the concess of our theoremand converses

mayor maynotbe true

Falso! ↑ 1
1(x/

· ⑥
X

sharp
cornc(

atX=

f(x) =(x)3 continuous a+ Farbut f is notdifferentialis at ea.
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2.8.2 Higher Order Derivatives

Since f 0 is a function, there is nothing stopping us from taking the derivative of f 0.
Notation:

Example. Find f 00(x) if f(x) = x3 � x.

the second derivativeoffis notard +X

f(x) =d2
wasetc?Nor & is an operation falling us to take a

derivative with respectto X.

=En
=daxf- ared-a10xR

f
-

-ex)
=if *-if....
- /

third derivative fourth derivative

- = f (x) =6x
-

f(x =xz - x- fidf"xx).

f(xth) - f(x)f
(

(x)
=k. n =2(zf(x +12- (x+1)) - 1x2

- x]
h

((2++12 -1- 4 - *
=n. h

(iy. 24x +42- 4 =vin
k5zx

= h h

=

2x +0 - 1 =
2x - 1

50 f -(X =2X- 1

f (x) =jiyf
fx+()

- f
(

(x=1in(2(x+1- 17
- 72x - 5

h =0 h

=(-x
+21 -

- zx+
=iu h
=iz z

= 2

so f".v =2.

f"
-

(x) =jyf(xt1- f
-(x)

=ii ==wz =10 =0
h
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Example Continued:


