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2.1 Tangent and Velocity Problems

Learning Objectives: After completing this section, we should be able to

e approximate the slope of the tangent line to a curve at a point.

e approximate the instantaneous velocity of a moving object at a particular moment.

Driving question to start: If we know the exact position of on object, how can we find its velocity?

2.1.1 Limits

Example. Suppose we throw a baseball into the air. The function p(t) = 64t — 16t? gives the ball’s height
in feet at any time ¢ seconds after throwing it. What is the velocity at ¢ = 1 seconds?
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Can we first approximate the velocity? Let’s find the average velocity over some time intervals.
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So we have done several approximations. What is the end goal?
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2.2 The Limit of a Function
Learning Objectives: After completing this section, we should be able to
e define the limit of a function and make educated guesses at limits.

e define the one-sided limit of a function and make educated guesses at limits.
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2.2.2 Indeterminate Forms
Question. What could happen for a function f(x) to NOT have a limit?
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2.2.3 Infinite Limits and Vertical Asymptotes

What does it mean for 1i£n f(z) = c0?
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Example continued.
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Example continued.
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2.3 Calculating Limits

Learning Objectives: After completing this section, we should be able to

e calculate limits using various Limit Laws and properties.

2.3.1 Limit Laws
Suppose that ¢ is any constant and the limits lim f(z) and lim g(x)'.e., they are equal to a real
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2.3.2 Computing Limits

Given f(z), how do we compute limits?

e If there is no bad behavior, just plug in z = a.
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2.5 Continuity and the Intermediate Value Theorem

Learning Objectives: After completing this section, we should be able to
e define continuity and discontinuity.

e state and apply the Intermediate Value Theorem.

Definition. A function f is continuous at x = a if
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Types of discontinuities:
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22 —c, Vifx <5,

dx + 2¢,) if x > 5.
Find ¢ such that f is continuous.
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Question. True or False: Pick any number L between f(a) and f(b). Then, there is an x-value ¢ between
a and b such that f(c) = L.

o) & Ao
L T N e MO L

—Q W@ T —Q W -

(:a lS[,



MTH 150 Section 2.5: Continuity and the Intermediate Value Theorem Page 16 of 35

Theorem (Intermediate Value Theorem). Assume f is continuous on [a,b], and | is any
Number between —ﬂ (6) &~4 ‘be) T L\c/\ ‘f'l\cr‘a 2Xisrs a
C in (G/b> Sucl\ Fhar ‘P(C):L.

Sketch:

U‘/th
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Application of IVT: Root finding problems

Example. Kepler’s equation for orbits (planets, satellites, etc...) is given by y = x — asin(x) where
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- X- 0 sin (x)
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TLT; s
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Example continued. ] _ )
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2.6 Limits at Infinity and Horizontal Asymptotes

Learning Objectives: After completing this section, we should be able to

e define the limits of a function at infinity and determine horizontal asymptotes of functions, if there are
any.

e understand the infinite limits of a function at infinity.

Example. We've encountered the function f(z) = 3415 before.

f(z)

It looks'maybe a horizontal asymptote too. Perhaps y = 07

Definition. = = a is a vertical asymptote if
[0 +
- T ﬂ(
X“)Qt D(K) ( -p/um IDL c >

Definition. y = L is a horizontal asymptote if

[Tn -
K) =
R
Example.
. 8r+16
lim
z—oo 2 —4
The Nen retor R Fb= 0 a5 X-O® _ [im Qi+ b 0o
— -t .. o &)
1 X X -4
TL\L J‘G/\ on | A & ¥ —!'( “)[b (2 X->®
What is =7 - .
oo T + 5 G n 'I‘M)‘C‘kfml'\qrc_ \/q'dc_. LJ\'\c/\ }Dc)‘}’]—' +l'\<, Nemneccador

O~ de Aominado ¢ e onch &PP roal, i~ ;n;9~7/ Fhen Fh
[imit+ cocld L,

overa !

Q/\}" ‘\/(’\;’\_) (q N o L>C(-/ 6'\/\ TA70;A,\+y/ bNE’ o )
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8z + 16
Can we do some algebra to clean up lim T

im ——, and get an actual value instead of an indeterminate form?
. a . . 3 [
oy BETI _ e SxF ) g ®op A
PR e g Xom T 4 XD ® 5
4 e
_ ov C e
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Q( Ub\l’ n
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Question. Is it possible to have 2 horizontal asymptotes?

f(z) g(x) h(z)
x x €T
“/v\ o Y ]
)_;”"; Prxy = e roTL ><I~:\o> h(x) =
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Section 2.6: Limits at Infinity and Horizontal Asymptotes

MTH 150
Question. Lj it possible to have more than 2 horizontal asymptotes? .
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Question. Note that lim 5z + 1 = co. Are there any horizontal or vertical asymptotes?
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2.7 Derivatives and Rates of Change

Learning Objectives: After completing this section, we should be able to

e define the slope of the tangent line to a curve at a point as the limit of the slopes of secant lines of the
curve.

e define the instantaneous velocity of a moving object as the limit of its average velocity.
e establish the definition of the derivative and interpret it as the slope of the tangent line to a curve.
e interpret the derivative as the instantaneous rate of change.

Recall from earlier: If we know position s(t), how do we get the instantaneous velocity at time ¢?

s(t) .
\/‘,“,j zslope of sccant Dae
glaloc:\/%' s(€) = s(+)

'é_"‘i/
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i | + 50/ El. A8t an tanesus vd ety ot
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7 s(e)- SI+)
\ = .
(-'E[ ) _t\> ‘l:] t - »t{
Definition. The instantaneous rate of change of f(x) at X =g s g1vn 19)’
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i i i 2 instanTanaovs veloaity,
Example. Find the equation of the tangent line to f(z) =2*+ 2z + 1 at z = 1.
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"
Example continued: -,D(x)-f X }uxt! .
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Example. Let’s find the slope of f(z) = 2% + 2o + 1 at x = 1 again with this alternative limit.

i RO fO T N ] - [t pad 1]
S lwpe = k-0 1\ = 10 L

[ + 14] — [qj/ N
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Definition. The slope of the tangent line at a point z is
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Summary:

e The derivative at a point x = a is
. ) [ )D“d‘ £ead — | /o ‘P(M’U _ ‘D(O
S]oloc ef— 1-&»\54,\7 ]“mc. = ‘P (&)< X>a X=a h-)0 h
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e The derivative at any point x is
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2.8 Derivative as a Function

Learning Objectives: After completing this section, we should be able to
e define and find the derivative f’ as a new function derived from a function f.

e denote a derivative using Leibniz notation and prove the fact that the if a function is differentiable
then it is continuous.

e analyze the cases in which a function fails to be differentiable.

e analyze whether the derivative of a function is differentiable.

Definition. Recall that the derivative of f(x) is glven by_p( o) P )
yh) —

% = 8 x) = L. )o h .
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A common problem is finding the equation of a tangent line to a function. We need
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Example. Recall from-last time, we found the equation of the tangent line to f(z) = 22 + 2z +1 at x = 1.
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Example. What is the derivative of f(z) = 2% + 22 + 1?
SNIIE fin foxxh) = £eo
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Example. Find the equation of the tangent line to f(x) = 2% + 22 + 1 whose slope is 6.
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You try!
Example. Find the derivative of f(z) = .
‘= im PLrxtl) = Pew
P T |
b)) [
= Iim 3Gy - L=
~ hoo )
- lq'—',‘),,,{\) (3()@’1\)‘/3\(3)(«() :L]_'),; (@(X+L)_))(3x-h

F 24*\‘}’(/—31‘_’"\1\ -3h

h

1

A T
|im - 3
hp (3(x+k)~ ))(wa)

_ -3 _ ~3
- [3(x+o) —l)(’gx-,) = 3X-1)(3%-1)

_ -3
T (3x-n*
‘ -3
gc) ‘P(-X): éx-')"-
You try!
Example. Find the equation of the tangent line to f(z) = 311_1 at x = 1.
Vg - 3 - 3
. — ) = -
S’o})@ ; N = ‘D ( ) (3'/‘J)L - ? —

)

Po/"n-r', (1, 4}(’773(/,;/)—_ (1, ;»L;

T&’\\j‘-'\"- };\flc; /—/,: /‘/‘()(" X()

=> /—-J— :"13?()(")

z

|
';;; Goal) -1 (3x-D = }\“m (2x+h)-Ne3x-D LE>
' - 1



MTH 150 Section 2.8: Derivative as a Function Page 31 of 35

2.8.1 Differentiablity

Recall (< lim A WP e it exgrs
eca RS

Definition. The derivative of the function f(z) is given by
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Theorem. If f is differentiable at © = a, then
"7E s conba cous at X=a

Proof. Assume f(z) is differentiable at a.
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We proved differentiable implies continuity.
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Question. True or False: If f is continuous, then f is differentiable.
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2.8.2 Higher Order Derivatives

Since f’ is a function, there is nothing stopping us from taking the derivative of f’.
Notation:
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Example Continued:



